
Software Verification 
Exercise Solution: Software Model Checking 

  
 
The routine we consider is: 
 
 

always_positive (x: INTEGER): INTEGER 
if x > 0 then 
 Result := x + x 

 else 
  if x = 0 then 
   Result := 1 
  else 
   Result := x * x 
  end 
 end 
ensure Result > 0 end 
 
 
 

(a) We build the predicate abstraction of always_positive in an incremental fashion. 
1. Normalize the conditions appearing in conditionals and loops. We get 

 
always_positive_1 (x: INTEGER): INTEGER 

if ? then 
 assume x > 0 

Result := x + x 
else 
 assume x <= 0 

  if ? then 
   assume x = 0 
   Result := 1 
  else 
   assume x /= 0 
   Result := x * x 
  end 

end 
ensure Result > 0 end 
 

2. We rewrite the assume statements, and apply common simplifications to the 
logical formulae as well as peephole optimizations. 

i. For assume x > 0: 
 



¬ Pred(¬ x > 0)  =  ¬ Pred(x <= 0)  =  ¬ ¬ pos = pos 
So we will add assume pos. 
 
We must also take into account the effect of the assume statement on pos 
and Rpos: 
 
For pos: 
wp(assume x > 0,  x > 0) = (x > 0 => x > 0) = True 
Pred(True) = True 
So we must include the update 
if True then pos := True else if ... else ... end, 
which simplifies to pos := True. 
 
For Rpos: 
wp(assume x > 0,  Result > 0) = (x > 0 => Result > 0) 
Pred(x > 0 => Result > 0) = (pos => Rpos). 
Similarly, wp(assume x > 0,  Result <= 0) = (x > 0 => Result <= 0) 
Pred(x > 0 => Result <= 0) = (pos => ¬ Rpos) 
So we get 
if pos => Rpos then 
    Rpos := True 
else if pos => ¬ Rpos then 
    Rpos := False 
else Rpos := ? 
end 
Since we just assumed pos in the code, we can apply the peephole 
optimization and remove this update, since it will have no effect on the 
value of Rpos. 
 
Hence assume x > 0 becomes assume pos; pos := True in the abstraction. 
 

ii. For assume x <= 0: 
¬ Pred(¬ x <= 0)  =  ¬ Pred(x > 0)  =  ¬ pos 
So we will add assume ¬ pos in the abstraction. 
 
The effect on pos: 
wp(assume x <= 0,  x > 0) = (x <= 0 => x > 0) = x > 0 
Pred(x > 0) = pos. 
Similarly, wp(assume x <= 0,  x <= 0) = (x <= 0 => x <= 0) = True 
Pred(True) = True. 
So we have 
if pos then 
    pos := True 
else if True then 
    pos := False 



else pos := ? end 
Since we just assumed ¬ pos in the abstraction, we can simplify this 
update to pos := False. 
 
The effect on Rpos: 
wp(assume x <= 0,  Result > 0) = (x <= 0 => Result > 0) 
Pred(x <= 0 => Result > 0) = (¬ pos => Rpos) = Rpos because of a 
peephole optimization. 
wp(assume x <= 0,  Result <= 0) = (x <= 0 => Result <= 0) 
Pred(x <= 0 => Result <= 0) = (¬ pos => ¬ Rpos) = ¬ Rpos because of the 
same peephole optimization. 
So we have 
if Rpos then 
    Rpos := True 
else if ¬ Rpos then 
    Rpos := False 
else Rpos := ? end 
which can be eliminated. 
 
Hence assume x <= 0 becomes assume ¬ pos; pos := False. 
 

iii. For assume x = 0: 
¬ Pred(¬ x = 0) = ¬ pos 
So we will add assume ¬ pos in the abstraction.  
 
The effect on pos: 
wp(assume x = 0,  x > 0) = (x = 0 => x > 0) = (x /= 0) 
Pred(x /= 0) = pos 
Similarly, wp(assume x = 0,  x <= 0) = (x = 0 => x <= 0) = True 
Pred(True) = True 
So we have the update: 
if pos then 
    pos := True 
else if True then 
    pos := False 
else pos := ? end 
which becomes pos := False when we do a peephole simplification. 
 
The effect on Rpos: 
wp(assume x = 0,  Result > 0) = (x = 0 => Result > 0) 
Pred(x = 0 => Result > 0) = Rpos 
Similarly, wp(assume x = 0,  Result <= 0) = (x = 0 => Result <= 0) 
Pred(x = 0 => Result <= 0) = ¬ Rpos 
So the update will not have any effect and can be removed. 
 



Hence assume x = 0 becomes assume ¬ pos; pos := False.  
 

iv. For assume x /= 0: 
¬ Pred(¬ x /= 0) = ¬ Pred(x = 0) = ¬ False = True 
So we do not need to add an assume statement to the abstraction. 
 
The effect on pos: 
wp(assume x /= 0,  x > 0) = (x /= 0 => x > 0) = (x >= 0) 
Pred(x >= 0) = pos 
wp(assume x /= 0,  x <= 0) = (x /= 0 => x <= 0) = (x <= 0) 
Pred(x <= 0) = ¬ pos 
So the assume has no effect on the value of pos. 
 
The effect on Rpos: 
wp(assume x /= 0,  Result > 0) = (x /= 0 => Result > 0) 
Pred(x /= 0 => Result > 0) = Rpos 
wp(assume x /= 0,  Result <= 0) = (x /= 0 => Result <= 0) 
Pred(x /= 0 => Result <= 0) = ¬ Rpos 
So assume x /= 0 has no effect on the value of Rpos. 
 
Hence assume x /= 0 becomes skip. 
 

After transforming the assume statements, we also abstract the postcondition and 
get: 
 
always_positive_2 (x: INTEGER): INTEGER 

if ? then 
 assume pos;  pos := True 

Result := x + x 
else 
 assume ¬ pos;  pos := False 

  if ? then 
   assume ¬ pos;  pos := False 
   Result := 1 
  else 
   skip 
   Result := x * x 
  end 
end 
ensure Rpos end 
 

3. Lastly, we transform the assignment statements. 
i. The assignment Result := x + x. 

 
The effect on pos: 



wp(Result := x + x,  x > 0) = (x > 0) 
Pred(x > 0) = pos 
wp(Result := x + x,  x <= 0) = (x <= 0) 
Pred(x <= 0) = ¬ pos 
So the assignment has no effect on pos. 
 
The effect on Rpos: 
wp(Result := x + x,  Result > 0) = (x + x > 0) 
Pred(x + x > 0) = pos 
wp(Result := x + x,  Result <= 0) = (x + x <= 0) 
Pred(x + x <= 0) = ¬ pos 
So we have the update: 
if pos then 
    Rpos := True 
else if ¬ pos then  
    Rpos := False  
else Rpos := ? 
end 
which can be simplified by a peephole optimization to Rpos := True. 
 
Hence Result := x + x is transformed into Rpos := True. 
 

ii. The assignment Result := 1. 
 
The effect on pos: 
wp(Result := 1,  x > 0) = (x > 0) 
Pred(x > 0) = pos 
wp(Result := 1,  x <= 0) = (x <= 0) 
Pred(x <= 0) = ¬ pos 
So Result := 1 has no effect on pos. 
 
The effect on Rpos: 
wp(Result := 1,  Result > 0) = (1 > 0) = True 
Pred(True) = True 
So Result := 1 has the effect Rpos := True. 
 
Hence Result := 1 is transformed into Rpos := True. 
 

iii. The assignment Result := x * x. 
 
The effect on pos: 
wp(Result := x * x,  x > 0) = (x > 0) 
Pred(x > 0) = pos 
wp(Result := x * x,  x <= 0) = (x <= 0) 
Pred(x <= 0) = ¬ pos 



So Result := x * x has no effect on pos. 
 
The effect on Rpos: 
wp(Result := x * x,  Result > 0) = (x * x > 0) = (x /= 0) 
Pred(x /= 0) = pos 
wp(Result := x * x,  Result <= 0) = (x * x <= 0) = (x = 0) 
Pred(x = 0) = False 
The update: 
if pos then 
    Rpos := True 
else if False then 
    Rpos := False 
else Rpos := ? end 
can be simplified with a peephole optimization to become Rpos := ?. 
 
Hence Result := x * x is transformed into Rpos := ?. 
 

The resulting abstraction looks as follows: 
 
always_positive_3 (x: INTEGER): INTEGER 

if ? then 
 assume pos;  pos := True 

Rpos := True 
else 
 assume ¬ pos;  pos := False 

  if ? then 
   assume ¬ pos;  pos := False 
   Rpos := True 
  else 
   skip 
   Rpos := ? 
  end 
end 
ensure Rpos end 
 

(b) No, we cannot verify the abstraction always_positive_3. 
 
Here is a counterexample run: 
{¬ pos, ¬ Rpos} 
[¬ ?] 
{¬ pos, ¬ Rpos} 
assume ¬ pos;  pos := False 
{¬ pos, ¬ Rpos} 
[¬ ?] 
{¬ pos, ¬ Rpos} 



Rpos := ? 
{¬ pos, ¬ Rpos} 
 
It corresponds to the following concrete run, for which we computed the weakest 
precondition with respect to True: 
{¬ x = 0 /\ ¬ x > 0}    // Equivalent to x < 0. 
[¬ x > 0] 
{¬ x = 0}                    // Equivalent to x /= 0. 
[¬ x = 0]  
{True} 
Result := x * x 
{True} 
 
Next, we check whether the conjunctions of the corresponding abstract and concrete 
assertions are satisfiable or not. Note that the abstract assertions are all the same, namely 
(¬ pos  /\  ¬ Rpos). Now (¬ pos  /\  ¬ Rpos) is equivalent to (x <= 0  /\  Result <= 0), and 

 (x <= 0  /\  Result <= 0  /\  x < 0) is satisfiable. 
 (x <= 0  /\  Result <= 0  /\  x /= 0) is satisfiable. 
 (x <= 0  /\  Result <= 0  /\  True) is satisfiable. 

 
Hence the abstract run is not necessarily spurious, and more investigation is required. 


