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Research directions in concurrency

» Rigorous (mathematical) methods
» for specifying & reasoning on computer systems
= supported by tool implementations
= outcome: reliable software/hardware

» Typical scenario:
= consider:
» the specification S

* the implementation | of a system
= question: does | comply to S?



Theoretical models of computation

(Process) Algebra

Milner: “Concurrent processes
have an algebraic structure”

P1|op |P2| = | P1opP2

f

“constructor”
e.g.CCS: k|.|+|II\

Structural Operational Semantics
(SOS)

e.g. CCS ACT: —qa—
o.P—-P

= Behavioral model & equivalence
e.g. LTSs & bisimilarity

Coalgebra

“black-box machine” metaphor
button : X —» B(X); X € Set

|

“destructor” (observer)
NO syntax!

B defines both
= the behavioral model &
» the equivalence



Systems as coalgebras
(X, button : X — B(X))



Example: Streams

? (X, button : X —»B(X))

a a
X = {Si | [ = 1}
button = < hd, tl >
hd(s;) = a hd:X - A A = {a}

tl(Si) = Si+1 th: X - X

(X, < hd, tl >: X > AX X)
B(X) = AxX



Example: Deterministic Automata (DAS)

? (X, button : X —»B(X))

( S3 (\ S4
X = {51,S2,53,54}
button =< o,t >
0:X > 2 2 ={0,1} (X, <o, t>X—>2xX
t:X->X4 X4A={f:A->X} A={ab,c} B(X)=2xXx4

o(s;) =0 o(s,) =0 0(s3) =1 o(sy) =1
t(s1)(a) = s,
t(s2)(b) =s3 t(sz)(c) =54
t(sz)(a) =51 t(sy)(a) =54



Example: Moore machines

? (X, button : X —»B(X))

14
X = {s1,52,53}
button =< o,t >
o(sy) =« o(s;) = o(s3) =y (X, <o, t>X->0xX%
t(s))(a) =s, t(sy)(b) =s3 B(X) =0 x X4

t(sz)(b) = s3
t(s3)(a) = s3

0:X—->0 0={abpbyv}
t:X > X4 A={a,b)}



Example: Mealy machines

? (X, button : X —»B(X))

button(s;)(a) =< B,s, > button(s;)(b) =<y,s3 >

button(s,)(b) =<y,s3 > p

button(s3)(a) =<vy,s; > (X,0:X = (0 X X))
B(X) = (0 x )4

X = {51, S, S3}

A={a,b} 0={Bv}
button = § : X - (0 x X)4



Example: Nondeterministic Automata (NAS)

? (X, button : X —»B(X))

X = {s1,52,53,54, 55}
button =< o,t >

0(s1) =0 o(ss) =1 .. (X,<o,t > X - 2% (Pow X)4)
t(s1)(a) = {sz, 53} B(X) = 2 x (Pow X)*
t(sz)(b) = {s4}
t(sy)(a) = {sq}

0:X - 2 2 ={0,1}
Pow — powerset functor

GX > (Pow )T A={abie} o pow (1,2} = (0,(1}, 2, (1,23}



Uniform representation of systems

B(X)==0|X|BX)?|PowB(X)|B(X)xB(X)|B(X)+ B(X)
(X, button : X — B(X))

Streams: (X, < hd,tl >: X - A X X)
DAs: (X,<o,t>:X ->2xX%

Moore machines: (X,<o,t >:X - 0 X X4)
Mealy machines: (X,8:X - (0 x X)*)
(finite) NAs: (X, <o,t>:X -2 X (Powfm X)A)
(finite)LTSs: (X,t:X — (Pows, X))
divergent LTSs: (X,t: X - (1 + Pow X)%)
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Behaviors of systems
as coalgebras
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Final coalgebras

= Behaviors of systems “captured” by final coalgebras
» e.g. DAs, Mealy machines, Moore machines, finite NAs, finite LTSs, ...

final coalgebra
> of B
(Q, buttonqg:Q — B(Q))

button buttong

= [—] is the (unique) coalgebra homomorphism
» making the above diagram commute (diagram chasing)
= j.e. buttong o [—] = B[[—] o button
= [ntuition: [x] maps x in X to the behavior of x in Q
12



Example: DAs (X, < o,t >: X > 2 X X%

X——-——========- > 24 = 24" _the set of languages over A

. <e (o), > e(L)=170: €L
0,t > € a (L), ={weA"|aw € L}
[x](e) = o(x)
[x](aw) = [t(x)(a)](w)

[-]

S === === > {ab,ac,abaab,acaab, ...}

[-]

S3 === === > {¢€,aab,aac,aacaab, ...}
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Example: finite NAs
(X, < 0,t >:X - 2 X (Powsin X))
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Example: finite NAs
(X, < 0,t >:X - 2 X (Powsin X))

P—— =1 > Trees®
<o,t>
v v
2 X (POWfinX)h === == - == > 2 X (Trees®)4 | __



Example: Moore & Mealy machines

Moore Mealy
(X, < o0,t > X > 0 x XY (X,8:X - (0 x X)*)

OA* 0A+

button buttong
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Uniform representation of behaviors

Final coalgebras: ((, buttong : Q@ — B({))
B(X) =0 |X|BX)* | Powsy, B(X) | B(X) x B(X) | B(X) + B(X)

DAs
(X,< 0,t >:X > 2 x X4) -1 24, < € (=) >:24 5 2x (24
finite NAs
(X,<o,t>X—>2x (Powme)A) ﬂ, (Trees!, < oq,tq >:Trees®! - 2 x (PowfinTreeso'l)A)

Moore

(X,<o0,t >:X > 0xX4 LN (047, < 0q, tq >: 04 > 0 x (04)4)
Mealy

(X,8:X > (0 x X)%) [-] (047, 8q: 04" - (0 x 0474
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Uniformity

= Each behavioral functor B induces:
» atype of system
= e.g. DAs, finite NAs, Moore ...
» the behavior of a certain system type
= e.g. 247, Trees®!, 04" ...
» a corresponding notion of behavioral equivalence

= e.g. DAs & language equivalence, finite NAs & tree equivalence, Moore
machines & “decorated” language equivalence
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Behavioral equivalence &
Coinduction



Coinduction proof principle

» |dea: reason on behavioral equivalence (~) by
= bisimulation construction (algorithmic, thus suitable for automation!)

_____ [ SR
f fa
\4 B[—] v
B(X)==~=~"~"~"~"~~- >B(Q)
defin coinduction
[ST - [y «--------m-moo-> ([ST, D) € Ry, iff (S,1) € Ry

Intuition: Rr, and R are bisimulations if they are “closed” w.r.t. f, and f, respectively.
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Example: DAs
o(s1) =o0(p1) =0

t(s)(a) = s, t(py)(a) =p,
t(s1)(b) = s3 t(py)(b) =p,

_R=1Gup)}
Sy mem== T T T -y — ~
a b R = {(51; P1); (521 pZ)' (53' pZ)}
————————————— a,b
- - e s
(/ h 4 \\\ d RN o’
S > S /
\\\2( / i \\j/b (\\Pz ) b
N -
SO - a .- - 4

- . -
-— —-—
—
R

R = {(s1,p1), (52, p2)}
751 ~p1 YES!

coinduction def. ~
; > (s1,p1) ER=——[s1] = [p1] &=

L(s;) = L(p1) = a™|ba”
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Example: finite NAs

\ \

( ( \ \
{ Sq | { Syp ) ( [

\\?_// \\f// ? S1 ~ pl \ Pa /) \\pS )

\_’/

~—--7

(= 3 R a bisimulation relation). (s{,p;) € R hence, s; and p, are not beh. equiv.




Coalgebraic
Powerset Construction (PC)



Bisimilarity sometimes too fine

aN o —E¢ @ a@_a)@ 2?33:

b G a 0 a () {ab, ac,abaab, abaac, ...}
"
OO
Sl _____ >



NAs & PC

{-} — .
X —>Pow X L Y
<o, t> <o t* > <€ (=) >
M v N\ A
2X (Pow X )A === === = == >2 x (24)
behavior "
X > [{x}] = L(x) =24
o* (V) = \/o<y) [YI(e) = o*(¥)
yEeY

M@= | Jto@ e = [Fm@]w)
yEeY
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NAs & PC - example

\ \

( ( \
\S53_/ N L(sy) = L(py) (P \Ps_,

coinduction

L(s) = L(py) &= [{s1}] = [p1)] ¢ s ({5}, {p) € R




Generalized PC

¥ = s pow ¥ — A5 ot van Glabbeek spectrum
Possible Futures
<o,t> <o t# > <€(—)g >
Ready Trace
| Failure Trace Readyness
\ /
A
OX(PowX)A======--- >0 x (04) \ /
Failures
Complete Trace
o*) = \/ o) [Y1(e) = o*(¥)
yEY Trace

t*(V)(a) = U t(y)(a) [Y1(aw) = [t* (V) (@) ] (w)

yEY
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Coalgebra

Systems as coalgebras
= uniform representation in terms of a functor B

System behaviors as final coalgebras
= uniformly induced by the behavior functor B

The coinduction proof principle

» uniform reasoning on behavioral equivalence by bisimulation
construction (suitable for automation)

The (generalized) powerset construction
= shifting from bisimilarity to language equivalence
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